This paper will present formulae for the sum of the terms of a harmonic progression of order k, 1/(aj + b) k , where a and b are integers. [Here the term harmonic progression is used loosely, as for some parameter choices (a and b) the result may not be a harmonic progression.] It employs the same techniques fully detailed in my previous paper on generalized harmonic numbers, and again these new formulae stem from Faulhaber's formula, which provides a closed form for the sum of powers of the first n positive integers.
Introduction
In this paper we will demonstrate how to obtain exact formulae for the sum of the first n terms of a harmonic progression of order k: HP k (n) = n j=1 1 (aj + b) k They must be the first meaningful such formulae.
My first paper, Generalized Harmonic Numbers Revisited, 3 received some criticism for including too many details, so in this one we will omit a good deal of details, which can be easily understood from a reading of the first paper anyway.
The first manuscript also received criticism for being too long and for sounding repetitive and monotonous. That's because it wasn't really tailored for publication, as I didn't write it with publication in mind. It was about the novelty, not about the presentation.
This new manuscript, however, won't be long and will just focus on the derivation of formulae for the sum of the terms of a harmonic progression, leaving open the question on the limits of these expressions as n approaches infinity.
We will make use again of Faulhaber's formula 2 for the sum of the i-th powers of the first n positive integers:
where B j are the Bernoulli numbers.
Since odd Bernoulli numbers are always 0, except for B 1 , we can simplify the above formula for even and odd powers as follows:
2 Baseline Function My first paper 3 introduced an indicator function, k divides n (1 k|n ), and its analogous as key parts of the method to solve the harmonic numbers. For the harmonic progression, we need to modify those functions and obtain their Taylor series, though unlike in the first paper here we'll focus on only one of them.
The below is the function we're interested in. We can rewrite it as a closed-form by using Lagrange's trigonometric identities:
Now, we can derive a power series for the left-hand side of the above equation with the employment of (2), and come up with the following power series for each function on the right-hand side (they hold for any real n, a and b and integer k ≥ 0):
For the harmonic progressions of even order, the analogous function is:
Harmonic Progression of Order k
The trick to build a formula for HP k (n) is to use the Taylor series expansion of sin 2π(ak + b), 1 and take advantage of the fact that it's 0 for any integer ak + b, hence the need for a and b to be integers [notice the k in the sum is not the same k used as subscript on HP k (n)]:
When we divide both sides of (5) by 2π(ak +b) 2 we end up with a power series for 1/(ak +b) that only holds for integer ak + b.
Besides, on the right-hand side of the resulting equation the powers of ak+b are all positive, allowing us to apply the Faulhaber's formula mentioned in the introduction. By doing that we end up with very convoluted power series that can be turned into integrals by means of the functions (3) and (4). That's the method in a nutshell.
Harmonic Progression
We start out by dividing both sides of (5) by 2π(ak + b) 2 :
Now, we sum 1/(ak + b) over k and expand (ak + b) 2i+1 with Newton's binomial and apply the respective Faulhaber's formulae, ending up with the following power series after all calculations are carried out:
The above sums can be manipulated conveniently and then obtained from (3) and (4), the two equations we derived previously, by means of decompositions into linear combinations followed by integrations. Though we have omitted the details here, the reader can refer to the previous paper 3 for a more detailed description of the steps involved.
After all the appropriate calculations are done, we end up with:
Now, by summing up all the results (disregarding the sine of multiples of π), we get a formula for HP (n): In the next sections we will state a generalization of this result without getting into too much details (again, the reader may refer to the first paper 3 if needed).
General Formula
If we keep dividing (6) by (ak + b) 2 , we will get a recursion similar to the one we got for the harmonic numbers. Then HP 2k+1 (n) obeys the below recursive equations:
Therefore, by analogy with the arguments in the first paper, 3 for any integers a = 0, b = 0 and k ≥ 0:
As an illustration, HP 3 (n) is given by:
This general formula works for the harmonic numbers too (a = 1, b = 0), if the term −1/(2b 2k+1 ) is discarded.
Harmonic Progression of Order 2k
Let g(u, n) be the below function: Then, by analogy with results from the first paper, 3 we can conclude that for any integers a = 0, b = 0 and k ≥ 1: 
